Abstract-Fragmentation schemes inspired by theoretical results and conjectures of Kolmogorov are applied to produce particle size distributions of different natures, depending on fragmentation parameters. A two-dimensional computer simulation method of packing is applied to the resulting distributions and the void fraction is evaluated. The relationship between the void fraction and characteristic parameters of the fragmentation process is studied.
Introduction: Particle Size Distributions, Fragmentation and Packing
The study of particulate systems is of great interest in many fields of science and technology. Soil, sediments, powders, granular materials, colloidal and particulate suspensions are examples of systems involving many size particles. For those systems, the statistical description of the particle size distribution (PSD) , that is, the mathematical distribution that defines the relative amounts of particles present, sorted according to size, is a central issue. The PSD can be important in understanding soil hydraulic properties, the geological origin of sediments, or the physical and chemical properties of granular materials and ceramics, among others. Several probability distributions have been used as PSD models, depending on the nature of the particle system. The log-normal and Weibul distributions have been traditionally used for modelling particle size distributions generated by grinding, milling and crushing operations. The log-hyperbolic distribution was proposed in BAGNOLD and BARN- DORFF-NIELSEN (1980) to model PSD of naturally occurring sediments. Dynamical explanations for the occurrence of hyperbolic distribution are also given in that study and factors in the formation of sediments, such as transport by wind or water, are considered. The log-Laplace model was proposed in FIELLER et al. (1984) as an alternative for the same scenario.
An important amount of the above mentioned granular media is the result of grinding or fragmentation processes: either natural ones, as in the case of soil and rocks, or artificial ones, as occurs in ceramics or building materials. Some of the models have been postulated on the basis of geometric features observed in such materials. Thus, in the pioneering work of ANDREASEN and ANDERSEN (1930) , the differential equation
with a [ 0 as a constant, is proposed as a semiempirical model for the cumulative mass-size distribution function Q (r) of certain granular products with grain size below a given limit. The differential equation is formulated for those products with a grain distribution conformed in such a way that when adding a portion of larger grains, the resulting product (grain distribution) is geometrically similar to the previous one, so that an image of both products seems equal (they have the same ''granulography'', a term coined therein). The model and ability to predict both the PSD and the void fraction are tested using data obtained by materials and operations commonly used in the ceramics industry. The log-normal distribution, the most traditional distribution used in particulate media literature, is strongly supported by important theoretical results due to the brilliant mathematician A. N. Kolmogorov. In KOLMOGOROV (1941) , it is mathematically shown that the log-normal distribution for the asymptotic PSD holds when random rules for the fragmentation process are independent of the ratio between the size r of the particle and the size of the particles obtained from it.
In MANDELBROT (1982) and TURCOTTE (1986) , a connection between fractals and fragmentation was made, and this was the start point of a huge number of studies using fractals to model fragment size distributions that have been shown to obey fractal or power law behaviour in many different natural scenarios. It is just to point out that, surprisingly, the concept of self-similarity or fractality is hidden in the rational basis of the model proposed in ANDREASEN and ANDERSEN (1930) , a half century before MAN-DELBROT (1982)! In fact, the solution of the differential equation proposed therein is a power law. Several models have been proposed to rationalize such empiric evidence. Thus, multiplicative models, together with large deviation theory, have been used to understand these observations, suggesting that the observed power law distributions of fragment sizes should correspond to the superposition of probability density functions that are log-normal in the ''centres'' and take the power-law form in the ''tail''. It would be the result of a natural mixing of simple multiplicative processes that take place along the fragmentation of different particles (FRISH and SOR-NETTE1997; SORNETTE 2006). However, as was indicated in the above references, there is no accepted theoretical description, although fragmentation processes indeed have a crucial role in the explanation of models of PSD.
Abstract fragmentation schemes certainly may help in simulating the PSD. However, the result of fragmentation is not easy to predict. An important question was raised in KOLMOGOROV (1941) , about what PSD could be expected when the ratio between the size r of the initial particle and the size of the particles obtained from it have a power law dependence of the size r of the initial particle. This open question still remains without a theoretical answer. Recently, fragmentation algorithms inspired by Kolmogorovs question have been used in MARTÍN et al. (2009) , giving results far removed from lognormality, showing, on the contrary, great complexity for simulated PSD that are in fact of fractal/multifractal type.
The packing of particles affects the physical properties of the granular system. Properties of particulate materials highly depend on the packing structure. Also, the hydraulic properties (water retention) of granular porous media, as in the case of soil, depend on the bulk density and the geometric scale arrangement of the intergranular space. Even when the particles are modelled by hard spheres, and disregarding the filling material occupying the intergranular space, models of granular media can be useful in predicting different properties of a wide number of natural and engineering systems, such as soil, ceramics, porous materials, concentrated suspensions, amorphous materials, alloys or microstructures of simple liquids. Because of that, the study of the random packing of particles has attracted researchers in many areas of science and technology (see GRAY 1968) . In particular, the crucial influence of particle size distribution on the random packing structure increases the interest in relating both, either theoretically or by computational methods. SOHN and MORELAND (1968) studied the effect of Gaussian and log-normal distributions on packing density using dense random packing of sands, and ROUALT and ASSOULINE (1998) used a probabilistic approach to determine the distribution of the volume of the voids in packed spheres once their size distribution was given. ANISHCHIK and MEDVEDEV (1995) used threedimensional Apollonian packing as a model for dense granular systems investigating the particle size distribution and the fractal nature of packings. The packing of spheres with log-normal distributions by means of computer simulation has been studied in NOLAN and KAVANAG (1993), and HE et al. (1999) used a Monte Carlo simulation for a random model of spherical particles of sizes obeying any given distribution.
The goal of this paper is to explore the connection of the characteristics of fragmentation processes with the packing density of resulting particulate media, and examine this with respect to its important repercussions in many fields of science and technology. First, a family of fragmentation algorithms that replicate both the smooth log-normal and the fractal models is implemented. Then, a two-dimensional computer simulation method of packing of spheres is applied to the resulting distributions and the void fraction is evaluated. Finally, the relationship between the void fraction and the characteristic parameters of the fragmentation process is studied.
Materials and Methods

Fragmentation Algorithms
Fragmentation algorithms proposed in MARTÍN et al. (2009) provide a wide range of particle size distributions, depending of the parameters driving the fragmentation process. They vary from the lognormal model, when the fragmentation takes place with rules that are independent of the size of the fragmented particle, to the otherwise highly complex fractal/multifractal distributions.
Let N be a non-negative natural number bigger than one and a C 0. Each particle of size (volume) r is divided in k smaller particles of size r 1þa k , k being a number randomly chosen between 1 and N, with equal probability for all the possible choices. The ratio between the size r of a particle and the size of the particles obtained from it is proportional to r a , a certain power of r as suggested by KOLMOGOROV (1941) . The number of particles obtained from a particle of size r is
and a remaining particle of size
where [x] denotes the function floor of x, that is, the function that returns the greatest integer less than or equal to x. The algorithm starts by fixing both values of N (integer bigger than one) and a (positive real number such that 0 B a B 1), for all the process, and the number of steps p of the fragmentation process. We consider an initial particle of size equal to 1, and in each step we apply, to each particle resulting from the previous step, the following procedure:
1. An integer k is randomly chosen between 1 and N, with equal probability for each one possibility. 2. The considered particle of size r is substituted by 
Computer Simulation of Packing
A Monte Carlo-based method following the model proposed in VIDAL et al. (2009) has been considered for the generation of packing processes. This method randomly positions a sequence of particles, ordered by decreasing radius, in a square domain with periodic border and edge length L 0 . The center of each particle, with randomly generated coordinates (x, y), will always remain in the domain as long as it does not overlap any previously positioned particle. There exists a maximum number N TM of attempts (of randomly generated (x, y)) of the positioning of each particle within the domain.
There also exists a number N R of the repetition of the positioning of the same sequence of particles within the domain. Once all the particles have been positioned, a new domain will be defined with the length of the smaller edge L 1 , where L 1 is defined as of L 1 = d Á L 0 , with 0 \ d \ 1 being a reduction factor of the domain. This positioning process will continue repeating in the new domain L i , so that L i = d Á L i-1 , until stage n, at which a new particle will exist whose number of positioning attempts reaches N TM . At this point, the result of the packing simulation of the repetition of the completed N R will be that obtained at stage n -1, where all the particles have been positioned within the domain of size L n-1 . The void fraction, V, resulting from that packing will be
where S T is the total surface area of all the particles of the sequence. For the execution of the packing simulations, the initial size of the domain, L 0 , has been obtained as a function of the total surface area of the particles by means of the equation L 0 = (S T Á 2.5) 1/2 , which produces an initial void fraction V = 60 %. The reduction factor d has been fixed at 0.999 and the maximum number of iterations at 10 6 . Each particle sequence repeats N R = 10 times and the value of the ending void fraction V of the simulation for that distribution will be the lowest of these repetitions.
Results and Discussion
Data coming from MARTÍN et al. (2009) have been used to simulate the packing algorithm. A total number of 47 simulated distributions corresponding to the value a = 0 and N ¼ 2; 3; 4; . . .; 9 have been selected. Figure 1 shows the influence of the number of the iterations (in the packing algorithm) on the void fractions. It can be observed that the void fraction has been stabilized for 10 6 iterations; therefore, the number of iterations of each packing simulation in this work is 10 6 . The log-normality was tested with a Kolmogorov-Smirnov goodness-of-fit test at a confidence level of 95 %. In the case of a = 0, the theoretical mean value and variance may be determined by algorithm parameters and they are given by the formulas
where p is the number of steps of the algorithm and ln x is the natural logarithm function. Table 1 shows a brief summary of the selected distributions. The theoretical variance given by the algorithm and the real variance of the simulations were computed showing a great agreement (mean error between theoretical and real computed data is 0.285 and the standard deviation is 0.155). The results with respect to the relation between the theoretical and real variance and the void fraction of the simulated packings are shown in Fig. 3 . The determination coefficient R 2 of the linear fit is 0.35 and 0.42, respectively. Results clearly indicate that there is an inverse correlation between both quantities: the greater the variance is, the lesser the void fraction. This computational result agrees with those of SOHN and MORELAND (1968) for dense packings of sands.
Also, 40 simulated distributions corresponding to different values of a (between 0.1 to 0.5) have been selected to explore how the fragmentation exponent influences the result of packing. Table 2 shows averages and standard deviations of void fractions for different values of the fragmentation exponent a and parameter N.
The packing algorithm was applied to them. Figure 4 shows some examples of the packing results. and a = 0.1, and Fig. 4b corresponds to a PSD obtained with N = 9 and a = 0.5. Figure 5 shows the relation between the value of a and the value of the void fraction for N = 2 and N = 3. The trend lines are also shown. The coefficient of determination R 2 of the corresponding fit is 0.893 and 0.835, respectively. Results indicate that the void fraction increase for increasing values of a. A deeper insight around interesting questions that are related to the result of the fragmentation process for a [ 0 (open question posed by Kolmogorov) and the derived packing arrangement is suggested by this result. On one hand, a dependence on the scale may be now expected, which might explain the fractal nature of the resulting distribution. Secondly, for a = 0, the fragmentation of a given particle may give particles of any size with the same probability, and small particles in particular, which would facilitate a greater packing density. On the contrary, for a [ 0, the result of fragmentation does not have such free rules and depends on the size of the fragmented particle (scale): the size of any particle influences the emergence of new sizes; in particular, neighbouring sizes that might increase the intergranular space. 
Conclusions
Fragmentation algorithms inspired by results and open problems raised in KOLMOGOROV (1941) provide a wide range of particle size distributions, depending on the parameters driving the fragmentation process. They vary from the log-normal model to the highly complex fractal/multifractal distributions. Because of this, they offer an interesting possibility to explore the connection of the characteristics of fragmentation processes with the packing density of resulting particulate media, and to examine this with respect to its repercussions in many scientific fields.
For the log-normal model (a = 0), both the theoretical and the real variance of simulations inversely correlate with the void fraction: the greater the variance, the lesser the void fraction.
When a [ 0, the fragmentation algorithm produces non-smooth complex distributions for which the void fraction increases for increasing values of a. A deeper insight might indicate that, on one hand, scale dependence on the result of fragmentation may be expected, and on the other, that such dependence might facilitate a greater intergranular space.
